graph theory notes*

The combinatorial nullstellensatz and Schauz’s
coeflicient formula

In [2], Alon and Tarsi introduced a beautiful algebraic technique for proving the existence
of list colorings. Alon [I] further developed this technique into the Combinatorial Nullstel-
lensatz. Fix an arbitrary field F. We write fi, 5, for the coefficient of x’fl e xﬁ" in the
polynomial f € F[xq,...,x,].

Combinatorial Nullstellensatz (Alon). Suppose f € Flzy,...,x,] and k..., k, € N

.....

there exists (ay,...,a,) € Ay X -+ xX A, with f(ay,...,a,) #0.

Michatek [5] gave a very short proof of the Combinatorial Nullstellensatz just using long
division. Schauz [6] sharpened the Combinatorial Nullstellensatz by proving the following
coeflicient formula. Versions of this result were also proved by Hefetz [3] and Lason [4]. Our
presentation is similar to Lason’s.

Coefficient Formula (Schauz). Suppose f € Flz1,... x,] and k... .k, € Nwith . ki =
deg(f). For any As, ..., A, CF with |A;| = k; + 1, we have

aty...,0y
fkl ----- kn: Z %7

where

N(ay,...,a,) == H H (a; —b).

i€ [n] bGAz\{al}

We first give Michalek’s proof of the Combinatorial Nullstellensatz and use this to derive
the coefficient formula.

Proof of Combinatorial Nullstellensatz. Suppose the result is false and choose f € Flxy, ..., z,]
for which it fails minimizing deg(f). Then deg(f) > 2 and we have ky,...,k, € N with
> icin ki = deg(f) and Ay,..., A, CF with |4;[ > k; + 1 such that f(a1,...,a,) =0 for all
(a1,...,a,) € Ay X --- x A,. By symmetry, we may assume that k; > 0. Fix a € A; and
divide f by 1 —a to get f = (1 — a)Q + R where the degree of z; in R is zero. Then the
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coefficient of #1252 ... 25 in Q must be non-zero and deg(Q) < deg(f). So, by minimality
of deg(f) there is (ai,...,a,) € (A1 \ {a}) x -+ x A, such that Q(ay,...,a,) # 0. Since
0= f(ay,...,a,) = (a1 —a)Q(ay,...,a,) + R(ai,...,a,) we must have R(ay,...,a,) # 0.
But x; has degree zero in R, so R(a,...,a,) = R(ay,...,a,) # 0. Finally, this means that
fla,...,a,) = (a—a)Q(a,...,a,) + R(a,..., a,) # 0, a contradiction. O

Proof of Coefficient Formula. Let f € Flzy,...,z,] and ky,...,k, € N with Zie[n] ki =
deg(f). Also, let Ay, ..., A, C F with |A;| = k;+ 1. For each (aq,...,a,) € Ay x--- X A, let
X(a1,....an) De the characteristic function of the set {(a1, ..., a,)}; that is x (4, .. a,): A1 X -+ X

Ap = Fwith X(a;,...a0) (@1, ..., @) = Lwhen (21, ..., 2,) = (a1,...,a,) and X(a,,..a) (@1, - -, Tp) =
0 otherwise. Consider the function

= Z f(a'h s 7an)X(a1 ..... an)*

(a1 ..... an)EA1><~~~><An

Then F' agrees with f on all of A; X --- x A, and hence f — F'is zero on A; x --- x A,. We
will apply the Combinatorial Nullstellensatz to f — F' to conclude that (f — F)g,. .k, =0
and hence fi, k. = Fk, .k, where Fy,

the Combinatorial Nullstellensatz, we need to represent F' as a polynomial, we can do so by
representing each X(a,,..q,) @ & polynomial as follows. For (ay,...,a,) € Ay X --- x Ay, let

N(ay,...,a,) = H H (a; —b).

S [TL] bGAi\{ai}

,,,,,

.....

Then it is readily verified that

Hze[n} HbEAi\{(li}(xi B b)

X(al ..... aﬂ)(l’l’---7xn) = N(al L...Qa )

Using this to define F' we get

Hie[n} HbeAi\{ai}(xi —b)

Pannm= X faoa) e

Now deg(F) = > ;¢ ([Ail = 1) = 32y ki = deg(f). Since f — Fis zero on Ay X - -+ X A,
applying the Combinatorial Nullstellensatz to f — F with ky, ..., k, and sets Ay, ..., A, gives
(f = F)ky...k, = 0 and hence

al,...,Q
R SRS L S

N(ay,...,a
(a1 ..... an)EAlX---XAn ( 1y ! n>
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